Abstract-In this paper, a piezoelectrically actuated four-bar mechanism with two flexible links is proposed to be used in a micromechanical flying insect robot wing thorax for stroke amplification. PZT-5H and PZN-PT based unimorph actuators are utilized at the input link of the four-bar for a compact and light weight thorax transmission mechanism. The kinematics and dynamics of the proposed wing structure with two parallel fourbar mechanisms are analyzed, optimal four-bar link size selection method is introduced, and quasi-static forces generated at the wing are computed for evaluating the feasibility of the design. Using laser micro-machining and folding techniques, prototype four-bar structures are constructed. In the experiments, for a 10 × 1 × 0.12 mm 3 PZT-5H actuator based four-bar mechanism, stroke amplification of around 20 − 25 is held, and an attached polyester wing is resonated at 29 Hz with around 90 o flapping motion. These results match closely with the predicted theoretical values.
is utilized for actuation. The detailed design and characterization of the unimorph actuators are given in [6] . For stroke amplification, different compliant mechanisms are proposed such that Pokines [7] proposed a microamplifier fabricated using LIGA process, Precht [8] developed a large stroke bender actuating a trailing edge flap, Kota et al. [9] , [10] designed micro compliant mechanisms including a four-bar based mechanism, and Cox et al. constructed piezoelectric bimorph [2] and unimorph [11] based flapping mechanisms with compliant flexures. However, these works do not have a detailed kinematic, dynamic, and quasi-static blocking force analysis of the compliant mechanism for a specific task, and none of them could have a large stroke flapping mechanism for a micromechanical flying device (Cox et al. achieved 30−50 o flapping stroke). In this paper, detailed analysis is realized for a micromechanical flapping wing mechanism based on a compliant four-bar structure, and a high stroke flapping mechanism is developed. Furthermore, many design constraints are considered such that the proposed design enables a compact and light weight thorax, high torques at the wing, and high resonant frequency. 
II. FOUR-BAR THORAX STRUCTURE
The complete view of an example flapping and rotating 2 d.o.f. wing structure to be constructed is shown in Figure  1 . Two four-bar mechanisms constitute the parallel thorax structures that could enable targeted biomimetic 90 o − 120 o stroke and 90 o wing rotation motions [12] with proper stroke amplification at resonant frequency of 100 − 150 Hz. This compact design assumes a flexible wing, e.g. a fan-fold polymer wing. The structure of the proposed four-bar mechanism with a wing spar on it is shown in Figure 2 . Two elastic beams at the input and output links deflect with ∆θ and ∆ψ angles so that the coupler link and spar rotate with angle φ. Here, the stroke amplification N of the four-bar structure is defined as:
where θ pp = θ max − θ min and φ pp = φ max − φ min are the peak-to-peak input and output link motions. For the simplicity of the analysis, the input and output deflections are assumed to be linear, i.e. small, which is the case for piezoelectric unimorph actuators with moderate input electric fields. Thus, the mechanism can be approximated by a four rigid link four-bar mechanism with four rotational (4R) pin joints. Therefore, the kinematics is approximated with the rigid 4R kinematics [13] while the dynamics is characterized by utilizing the lumped modeling of the flexible beams as can be seen in Figure 3 . For large motions of the unimorph flexible link, finite element methods can be utilized for more accurate dynamic modeling [14] , [15] . In this proposed four-bar thorax design, if the generated stroke is under the target 90 o − 120 o range due to the limitations in the unimorph actuator motion range and output torques, then the multiple four-bar structure as illustrated in Figure 4 can be constructed.
III. WING AND THORAX KINEMATICS
In order to mimic the insect flight kinematics, the forward and inverse kinematics of the robotic wing shown in Figure  1 are analyzed. Assuming that two four-bar mechanisms can be approximated as 4R rigid links, with pin joint mechanisms for simplicity, four-bar output angles ψ 1 and ψ 2 and wing spar rotations φ 1 and φ 2 can be computed from the input link rotations of θ 1 and θ 2 as (Appendix 1):
There are kinematic singularities in the 4-bar such that
Thus, the wing flapping and rotation angles φ f and φ r as illustrated in Figure 1 can be computed as
As the inverse kinematics, θ 1 and θ 2 input link motions are computed from the desired biomimetic φ f and φ r . At first, given φ f and φ r , the aim is to compute φ 1 and φ 2 . From Eq. (4), it can be seen that φ f and φ r are coupled with θ i and φ i nonlinearly. Therefore, a closed form solution is complex, and following simplifications can be made: (1) 
Assuming α 1 = α 2 = α, φ i stroke angles, θ i and ψ i i = 1, 2 are computed in Appendix 2.
For testing the approximation error for the inverse kinematics equations, an insect biomimetic wing trajectory for ±45 o wing flapping and 90 o rotation at the resonant frequency of 100 Hz is used as the desired φ f and φ r as shown in Figure 5c [12] . The resulting inverse kinematics solutions in the reference four-bar actuator motions of θ 1 and θ 2 , and spar stroke motions of φ 1 and φ 2 are shown in Figure 5a and 5b. Parameters of the thorax are a = b = 10 mm, c = 9 mm, h = 0.5 mm, L t = 1 mm, L a = 7 mm, and α = 30
For showing the accuracy of the approximate inverse kinematics model, φ f and φ r at the wing are computed from θ i and φ i values using the forward kinematic equations. As given in Figure 5c , it can be seen that the simplification in Eq. (5) results in a small error, and therefore it can be used for generating the actuator reference motion. Moreover, the wing cord length L w change during this biomimetic motion is displayed in Figure 6 . Here, it can be seen that around 20% strain is induced on the compliant wing which would result in elastic restoring forces on the wing cord depending on the folded wing stiffness k w .
A. Link Size Optimization
Using the kinematic equations, optimal four-bar link sizes and initial angles are derived for optimal stroke amplification N . Fixing h and the piezoelectric actuator input voltage V , the effect of a = b = l and base link c, i.e. initial input link angle θ 0 , on N is investigated. Here, c = h + 2Lcosθ 0 due to the symmetry.
For a free deflecting unimorph actuator, DC (low frequency) tip displacement δ dc , blocking force F b , and mechanical stiffness k 1 can be written as [6] :
where
Here, l is the unimorph length, w is the width, V is the applied voltage, d 31 is the transverse piezoelectric coefficient, and s p and s s are the elastic compliances, h p and h s are the thicknesses, E p and E s are the Young's moduli, and ρ p and ρ s are the densities of the piezoelectric and steel layers respectively. For the PZT-5H, PZN-PT, and steel layers, Young's modulus E, density ρ, d 31 , coupling factor k 31 , relative dielectric constant K T 3 = / 0 , and maximum electric field E 3 values are given in Table 1 . 
PZT-5H
PZN Table 1 . PZT-5H, PZN-PT, and steel layer properties [1] .
For the design considerations, above equations are converted to the rotational motion of the actuator. Assuming the actuator tip deflection is small, actuator rotation angle θ dc and output torque τ θ are given as follows: For a PZT-5H piezoelectric layer, for h p = 70 µm, h s = 50 µm, h = 0.5 mm, and V = ±120 V , N values can be seen in Figure 7 for different l and c values. White regions in the plot correspond to kinematically singular link sizes. N gets the maximum value at the edge of the singular region, and link sizes should be selected close to these regions provided that too close selection would result in kinematic instabilities since the input link motion at resonance could be magnified depending on the mechanism Q. Thus, g and l will be chosen for N ≈ 20, e.g. c = 9 mm and l = 10 mm would give N = 22 as displayed in 
Using the Lagrange equation of
the following equation of motion is derived (Appendix 3):
As approximate lumped estimates of the resonant frequency ω = 2πf r and mechanical quality factor of the thorax Q, following equalities can be derived:
V. DC FORCE ANALYSIS
In the thorax design, one important parameter is the generated torques (or lift forces) at the wing spars. If these torques are significantly less than the generated up or down lift forces by the aerodynamic forces, the designs will not give enough performance. Therefore, the computation of these forces for the proposed design is realized for performance evaluation.
Assuming the 4-bar input link is rotated by a small δθ by applying an input voltage V through the input link unimorph actuator, and the motion is quasi-static (DC motion), resulting spar motion δφ and blocking torque τ φ have the following relation using the principle of virtual work:
Here, the gravitational terms are neglected. For a constant δt, δφ = w 2 δθ and δψ = w 3 δθ. Thus,
This gives the blocking torque at the spar end as:
assuming the flexible output link is taken as a steel beam with thickness h s , length l, and width w.
The lift and thrust forces on the i th (i = 1, 2) wing spar tip end, generated by the above torque, can be computed as
Then the generated average vertical lift force at the wing rotation axis edge is:
Assembly process of the four-bar with spar is shown in Figure 9 . Piezoelectric unimorph actuators are custom-made, and their fabrication details are given in [6] . Super glue is used for attaching a steel base to the unimorph for fixing it to the base frame, conductive epoxy is used for the cable connection to the unimorph actuator, and the unimorph ground cable is soldered to the steel beam. The top link joint is designed by a polyester flexible sheet of 12.5 µm thickness, and is cut by a laser micro-machining device (Quicklaze-50, New Wave Research Inc.). Fabrication results for PZT-5H (Piezo Systems Inc.) and PZN-PT (TRS Ceramics Inc.) based unimorph actuators are displayed in Figure 10 . In Figure 10b , a polyester wing with 100 µm thickness is also attached for flapping experiments. As experimental results, a prototype four-bar structure in Figure 10b without a wing and a PZT-5H based unimorph actuator was constructed firstly. Motion of the spar corresponding to θ = θ 0 ± 2 o unimorph actuator motion is shown in Figure 14 . Here, the spar has a stroke of around Figure  15 . These expected values match closely to the measured data. Moreover, at the resonant frequency of 36 Hz, input link motion θ and spar link motion φ are displayed in Figure 16 to show the link behavior. Then, the polyester wing is attached on the same spar, and the motion of the four-bar is tested as shown in Figure 18 . The stroke motion becomes around 90 o with resonance at 29 Hz. From the dynamics solutions, f r = 33 Hz and N = 19.2 are estimated from the frequency response plots in Figure 17 where the same values with the no wing calculations are used except I w = 2 × 10 −11 kgm 2 and b w = 8.65 × 10 −9 N sm [6] . Due to the added wing load and aerodynamic damping, the resonant frequency and Q are changed. The slight differences between the theoretical and experimental results in the resonant frequency and stroke motion in both cases could be due to the neglected polyester flexure compliance, alignment errors, and larger c link size in f. structure so that wing inertial and aerodynamic forces would passively rotate the wing. For this case, proposed models could directly apply. This design would be very simple, compact, light, power saving, and easy to control. It could be used for simple flight systems, but it can not easily control the wing rotation timing [12] type of significant flight control parameters. For active control, two actively controlled parallel and identical four-bar structures as proposed in this paper would be one possible solution. A rigid wing [18] or a folded wing as in Figure 1 can be attached to the spars of two four-bars or to a differential in between. Folded wing analysis is explained in detail, and the differential based rigid wing case is very similar in kinematics, dynamics, and control. The main issue in both designs is their dynamic behavior at resonance. Two fourbar structures are coupled elastically and inertially through the wing or differential, and there are two resonant modes, flapping ω 1 and rotation ω 2 , where:
here, k w is the wing or differential coupling stiffness, I f and I r are the wing flapping and rotational inertias respectively, and λ is the rotational gain factor. Thus, for matching both motion modes, i.e. ω 1 → ω 2 : condition should be held. In the extreme case of k w → 0, still I f → 4λ 2 I r is required. In the above dynamic models, aerodynamic force modeling is a critical component. In this paper, for just translational flapping case, b w is approximated as a linear damper representing the aerodynamic translational lift forces. However, in the case of a 2 d.o.f. wing thorax, rotational lift forces, angle of attack, rotation timing, wake capture [12] type of other aerodynamic parameters and force models should be included in the dynamic equations. These models are complex, and even approximate analytic solutions are very challenging for unsteady insect flight aerodynamics.
Piezoelectric actuators are very promising for the flying robot wing thorax driving from the initial results. They are assumed to be linear since their motion is very small. However, for larger stroke amplification, input voltages could become very high which would result in nonlinearities such as actuator softening [6] and saturation. These nonlinearities would be included in the models for an exact solution at high voltages. Moreover, bipolar actuation could result in depolarization and high internal actuator damping. Therefore, unipolar actuation would be desirable [6] although actuator motion would be lost by half then. Also, the actuator life-time is a critical issue since the piezoelectric ceramics are very brittle and wing moves at high frequencies with peak forces and dynamic nonlinearities. For this, Q of the overall system should be kept close to 1−2 as in the case of the real insect [1] , and external wing torsional loading on the actuator should be minimized. The flapping structure in Figure 18 could survive for millions of cycles, and the target life-time of the mechanical fly is around 30 minutes at 150 Hz flapping frequency.
For enabling a smart thorax structure, piezoelectric actuators could be also utilized as integrated sensors. This compact design would enable on-line sensing of the actuator force and position which would be utilized in the active wing trajectory control. Otherwise, it would be challenging to integrate external sensors on the wing during the fabrication process.
As the final issue, a compact and light weight power source is required for an autonomous flight. This is always the critical issue of all autonomous micro-robots, and thin-film batteries, solar cells, and external powering via microwaves and magnetic fields are some possible solutions. For the flying robot, microfabricated silicon based solar cells will be integrated to the robot body. Required power is around 10 − 50 mW range depending on the efficiency of the actuators and driving electronics [19] , with up to 200 V piezoelectric actuator driving voltage. Autonomous micromechanical flying robots would become real after integrating the compact power source to the robot, optimizing the 2 d.o.f. wing actuation mechanism and materials for 150 Hz resonant frequency high stroke motion and a light weight thorax mechanism, developing biologically inspired flight control algorithms for robot trajectory control, and integrating wireless communication, power electronics, computation, and sensors to the robot body. This implies that this kind of area is still in its early infancy.
IX. CONCLUSIONS
In this paper, a four-bar mechanism with two flexible links is proposed to be used in a micromechanical flying insect thorax design for stroke amplification. PZT-5H and PZN-PT based unimorph actuators are utilized at the input link of the fourbar for a compact design. The kinematics, dynamics, link size optimization with kinematically singular case considerations, and quasi-static force analysis of the proposed wing structure is realized. Using laser micro-machining and folding techniques, prototype four-bars are constructed, and it is shown that the single four-bar structure can have around 90 o stroke motion at 29 Hz with a rigid polyester wing on it. Thus, the proposed design is promising with introduced theoretical models and experimental results. 2 d.o.f. flapping and rotating wing mechanism would enable biomimetic flight lift forces where the actuators could supply the desired input forces. In this case, active and passive wing mechanism concepts are introduced, and dynamic behavior issues of the coupled active structures is addressed. Precise tuning of wing inertias, wing and link stiffness and damping values, output forces and motions, stroke amplification, quality factor, link sizes, alignment of the flexures and the wing, bonding of hybrid materials, etc. is very challenging for a successful thorax design. Precision assembly robotic systems [20] would be required for mass produced manufacturing of these micro scale robots in the future. By manufacturing these micromechanical flying insect robots in large numbers, search and rescue in impenetrable areas, inspection in hazardous environments, distributed intelligent systems, new toys, etc. applications would become possible.
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This work was funded by ONR MURI N00014-98-1-0671 and DARPA. The author would like to thank Ronald S. Fearing for his comments and discussions, Tao Su for fabricating the piezoelectric actuators, and Joseph Yan for helping in assembly and folding process. where a, b, c and h are the four-bar link lengths for both four-bars as illustrated in Figure 2 , and i = 1, 2 shows the index number for the four-bars, La is the spar length, Lw is the wing cord length, Lt is the separation distance of two four-bars, and α1 and α2 are the pan angles of the spars. where θ0 and ψ0 are the initial link angles, mw is the wing mass, m φ is the top link mass, and ms is the spar mass.
